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Abstract
A primitive symmetric association scheme of class 2 is naturally embedded as a two-distance set
in the unit sphere of Euclidean space, with respect to the primitive idempotent E1 of the Bose–Mesner
algebra of the association scheme. Then it is shown that the ratio of the two distances of the two-
distance set is instantly read from the character table (i.e., the first eigen matrix P) of the association
scheme.
© 2004 Elsevier Ltd. All rights reserved.
The theorem of Larman, Rogers and Seidel [3] says that if X is a two-distance set in the
n-dimensional real Euclidean space Rn , with |X | > 2n+3, and if α and β (with α > β) are




such that α : β = √K : √K − 1.
It is well known that any primitive association scheme with two classes can naturally be
embedded as a two-distance set in the sphere (hence in the real Euclidean space) for each
of the primitive idempotents Ei (i = 1, 2). Then what is the real number K for this two-
distance set? The purpose of this short paper is to answer this question. We use the notation
and definitions as given in [1] and [2]. Here, for the convenience of the reader, we recall
some of the fundamental concepts. A strongly regular graph of type (n, k, λ, µ) is a simple
regular graph of n vertices, valency k and any two adjacent (resp. nonadjacent) vertices are
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adjacent to λ (resp. µ) common vertices. As is well known, a strongly regular graph (which
is not a complete graph or a discrete graph) is identified with a symmetric association
scheme (X, {R0, R1, R2}) with two classes. Let Ai (i = 0, 1, 2) be the adjacency matrix
with respect to the relation Ri (i = 0, 1, 2), and let Ei (i = 0, 1, 2) be the primitive
idempotent. As is well known, the spherical embeddings of X with respect to Ei (i = 1, 2)
in the unit sphere Smi −1 ⊂ Rmi , where mi = rank(Ei ), are defined as follows. We identify
x ∈ X with the vector x =
√ |X |
mi
Ei ex where ex = t(0, . . . , 0, 1, 0, . . . , 0) ∈ Rmi with
the x-th coordinate 1. Note that if the association scheme is primitive, this embedding
is faithful. The usual inner product 〈x, y〉 in Rmi is given by qi ( j)/mi = p j (i)/k j if
(x, y) ∈ R j (see [1,2] for the notation). Note that the matrix P = (p j (i))0≤i≤2,0≤ j≤2 is
called the character table of the association scheme of class 2.
Theorem 1. Let Γ = (X, R) be a connected strongly regular graph (which is not a
complete graph or a complete bipartite graph) with the parameters (n, k, λ, µ) associated
with a primitive association scheme. Let Ei (i = 0, 1, 2) be the primitive idempotents with
E0 = 1|X | J , where J is the matrix whose entries are all 1. Let
P =

1 k l1 θ −1 − θ
1 e −1 − e


be the character table (the first eigenmatrix) of the associated association scheme with
respect to the orderings of relations (R0, R1 = R, R2) and primitive idempotents
(E0, E1, E2). Let X be naturally embedded as a 2-distance set in the unit sphere in Rm1 ,
where m1 = rank(E1). Let K be the real number such that α : β =
√
K : √K − 1, for
the 2 nonzero distances α and β. Then, we have K = −e, if e is negative, and K = e + 1,
if e is positive.
Proof. We can express l, θ and e in the character table P in terms of k, λ and µ. Then P








(λ − µ + a) −1 − 1
2




(λ − µ − a) −1 − 1
2











(λ − µ − a) −1 − 1
2




(λ − µ + a) −1 − 1
2




i.e., {θ, e} = { 12 (λ − µ + a), 12 (λ − µ − a)}, where a =
√
λ2 − 2λµ + µ2 + 4k − 4µ.
When we embed X as a two-distance set in the unit sphere in Rm1 then the nonzero two
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distances are
{√






, since the inner products 〈x, y〉 in Rm1 for
(x, y) ∈ R1, R2 are given by θk and −1−θl . Since α2 = KK−1β2, we have α
2+β2
α2−β2 = 2K − 1.
On the other hand if e is negative, then
√






. Then we have
α2+β2
α2−β2 = −2e − 1. This implies K = −e. If e is positive, then
√





. Then we have α
2+β2
α2−β2 = 2e + 1. This implies K = e + 1.
Remark. (i) The result is natural and the proof is easy. But it seems that this fact was
unnoticed before in the literature, and we were a bit surprised when we noticed this fact.
(ii) Note that Theorem 1 implies that, if the strongly regular graph is not a conference
graph, the number K for its natural embedding in Rm1 as a two-distance set is always an
integer.
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